A HIGHER-ORDER UPWIND METHOD FOR
VISCOELASTIC FLOW

Andrew Nonaka, David Trebotich, Gregory H. Miller,
Daniel T. Graves, and Phillip Colella

August 29, 2008

Abstract

We present a conservative finite difference method designed to capture elas-
tic wave propagation in viscoelastic fluids in two dimensions. We model the
incompressible Navier-Stokes equations with an extra viscoelastic stress de-
scribed by the Oldroyd-B constitutive equations. The equations are cast into
a hybrid conservation form which is amenable to the use of a second-order Go-
dunov method for the hyperbolic part of the equations, including a new exact
Riemann solver. A numerical stress splitting technique provides a well-posed
discretization for the entire range of Newtonian and elastic fluids. Incompress-
ibility is enforced through a projection method and a partitioning of variables
that suppresses compressive waves. Irregular geometry is treated with an em-
bedded boundary/volume-of-fluid approach. The method is stable for time
steps governed by the advective CFL condition. We present second-order con-
vergence results in L! for a range of Oldroyd-B fluids.
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1 Introduction

The governing equations for viscoelastic flow of an Oldroyd-B fluid are the incom-
pressible Navier-Stokes equations plus an extra viscoelastic stress described by the
Oldroyd-B constitutive equations:
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where u is the fluid velocity, 7 is the polymeric stress tensor, p is the isotropic
pressure, and D = [Vu+ (Vu)?]/2 is the rate-of-strain tensor. The parameters that



describe the fluid are the density, p, relaxation time, A\, and the solvent and polymeric
contributions to the total viscosity, 4 = ps 4 1. The dimensionless parameters that

characterize these types of flows are the Reynolds number, Re = %, and the

Weissenberg number, We = %, where U and L are the characteristic velocity and

length, respectively.

Though the Reynolds number and the Weissenberg number independently char-
acterize viscoelastic flows, it is the elastic Mach number, Ma = v/ Re - We, that is the
critical parameter in determining well-posedness of the system. In particular, the
system of equations exhibits a change in type from parabolic to hyperbolic when
the elastic Mach number becomes supercritical (Ma > 1), admitting propagation
of discontinuities. This mathematical behavior was alluded to in the experimental
results of Ultman and Denn [33] and formally noted in [7, 18]. It is primarily for
this reason (among other symptoms such as large, unbounded normal stresses) that
numerical methods have failed to compute stable and convergent steady-state solu-
tions to viscoelastic flows in the presence of geometric singularities, also known as
the “High Weissenberg Number Problem”. In addition, using an analogy to tran-
sonic flow where the characteristic velocity transitions to a value greater than the
speed of sound, Joseph suggested that a method suitable for transonic flows may
be needed for the transition to supercritical viscoelastic flows [17]. The analysis
described in [30] capitalized on this concept in the design of a numerical algorithm
that resolves unsteady elastic wave behavior in viscoelastic fluids.

In this paper, we extend the previous numerical algorithm [30] by leveraging
the conservative hyperbolic formulation described therein to design a suitable to
higher resolution upstream method for the hyperbolics. In the original algorithm
the Oldroyd-B equation is recast into a well-posed hyperbolic form with source
terms using a stress-splitting technique; a Lax-Wendroff method is used to discretize
the quasi-linear form of the hyperbolic part in the context of a predictor-corrector
projection method. (Projection methods are an approach to enforcing the constraint
in incompressible flows [3, 2] and have proven to be successful in treating unsteady
viscoelastic flows [19, 30].) Our new method uses a second-order Godunov method
[5, 6], instead of Lax-Wendroff as in [30], to discretize the hyperbolic part of the
equations, resulting in two immediate advantages. First, the maximum time step is
increased by a factor of four to allow an advective CFL number restriction of 0 <
CFL < 1. Second, we can apply second-order conservative finite volume techniques
which have been developed for hyperbolic conservation laws [6], elliptic equations
[16], and parabolic equations [22] in an embedded boundary (EB) framework for
irregular geometry. Our results are consistent with the modified equation analysis
in these methods, and we obtain second-order solution error convergence in L' for
a range of Oldroyd-B fluids.



2 Hyperbolic Analysis

Through the introduction of the inverse deformation tensor, g, which links material
(Lagrangian) coordinates, X, and spatial (Eulerian) coordinates, x, as in:
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the advective part of the PDE for viscoelastic stress (3) may be put in conservation
form. The quantity M is conserved:
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The PDE for g and its right hand side are described in detail in [23]. Here a
is an arbitrary constant with dimensions of velocity. As developed in [30], this
fictitious wave speed may be treated as a parameter that affects the partitioning
of hyperbolic and elliptic terms. Through proper choice of that parameter, the
Courant-Friedrichs-Lewy (CFL) limiting time step of the hyperbolic partition can
be improved by several orders of magnitude in the Newtonian limit (A — 0). Here,
for purposes of analysis, a need only satisfy ming(pa? + 744) > 0.
All together, the coupled PDEs (1)-(3) may be written in the form:
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where the left hand side is a system of conservation laws, and the right hand side
contains proper hyperbolic source terms, Sy, and improper (elliptic) source terms,
S;. U is the vector of conserved quantities:
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We analyze the hyperbolic subsystem in primitive variables, W. The lineariza-
tion of (8) in primitive variables gives matrices whose eigenvalues are wave speeds,
and whose eigenvectors determine the characteristics. If, in the 1D analysis of these
linearized equations for direction d, primitive variable uy is included, then wave



speeds and characteristics describing compressive wave motion are observed. Yet,
omission of ug and its corresponding stress 7,44 is also inaccurate [9] since variation
in these quantities is permitted by the multidimensional equations. The approach
to this dilemma, after [9, 8] is to block partition the primitive equations, treating
dependence on gradients of the variables ug and 744 as source terms from the point
of view of the remaining variables. We will refer to the variable partition (ug, 744) as
“Inactive” (subscript I), and the remaining variable partition as “active” (subscript
A). For d =0,

W = (Wi,o ‘ Wfﬂo) = (u17 710, T11; 9005 9105 9o1, 911 ‘ up, Too)- (13)

The primitive variable 791 is omitted because 7 is symmetric. In these variables,
the linearized homogeneous advection equation in direction d = 0 is:
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with ¢g = y/a? + 74a/p. The diagonal matrix of eigenvalues of partition A 440 is:
. T
Ao = diag (ug — co, uo, uo, Uo, Uo, Uy, Up+ Co) - (16)

The corresponding right eigenvectors are given by the columns of:
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2.0.1 An Exact Riemann Solver

For the incompressible Euler equations, Bell et al. [2] construct edge-centered time-
centered predictor states using Taylor series with upwind derivatives. For those
equations, their approach is identical to using a higher-order Godunov predictor
because “upwinding” solves exactly the associated Riemann problem. In the present
system of equations, the wave structure is more complex, but there are no genuinely
nonlinear waves, i.e.,

(Vw,Ark) - Rep =0, (18)

for each of the 7 waves k associated with block A4 of (15). This condition is
guaranteed by the fact that the complete solution for the inactive variables is taken
to be the average of the input left and right states [8], and therefore the eigenvalues
are constant with respect to each component of W 4.
By analysis of the generalized Riemann invariants,
OWa)o  O(Wa): O(Wa)s
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for each wave k, it may be concluded (assuming for convenience d = 0) that
1. uy and 7j¢ are constant across the 5 contact (speed ug) waves.
2. go1 and g1 are constant across the fast ug £ ¢y waves.
3. The generalized Riemann invariants for the + fast waves include the identities
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where the denominators of each term are constant across the wave. Thus,
across each fast wave the change in u; is proportional to ¢, etc.

4. Across the fast waves, the generalized Riemann invariants contain also
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So, given the change of 719 across the given wave, the change in 77 is deter-
mined.

Let the constant states in the Riemann fan be labeled W, Wy«, Wpgs«, and Wg
in sequence, and let U (V) measure the strength of the left (right) fast waves.
From observation 3 one has:
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and from observation 1 one has (u1, 710)r+ = (u1, T10)r+*, which couples the fast
waves enabling their strength to be simply determined from:
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With 719 determined across the wave fan, observation 4 determines 711:
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The same equation holds across the right fast wave. The determination of other
variables is then trivial by application of observation 3. For example, from (20):
(g10)r* — (g10)r _ (u1)pr — (u1)R

(901) R~ B Co ' (26)

The active variable solution to our Riemann problem is given by the constant
state (L, L*, R*, or R) containing the zero wave speed characteristic.

3 Predictor-Corrector Formulation

We discretize time in steps At, with t"T1 = " 4 At™. Space is discretized in square
cells of length h, and x = hi is the lower left corner of cell i. Variables U} are
cell-centered.

For each time step n, the artificial wave speed a is a global constant determined
by the heuristic model:

a® = min{x(Nak +[1-x(V]af, 2}, (27)
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with limiting values a? = a% as A\ — oo, and a* = a3 as A — 0. Note that the

conserved quantity M depends on a, so a reevaluation of a necessitates a rescaling
of M throughout the domain.

The predictor step of the method uses well-established higher-order Godunov
approaches [5, 6] to estimate time-centered edge-centered solution values. These

predictor states are made discrete divergence free (V - ute = 0) on a marker-and-
cell (MAC) stencil [15].
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Fluxes F?;ez/z = F(U?;eiz) computed from these predictor states enter a con-

servative update:
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The corrector computes U+ by adding to U™ implicit and explicit source term
contributions, and by use of an approximate cell-centered projection to make u™*!
discrete divergence free.

3.1 Predictor

The predictor in our predictor-corrector method consists of the calculation of time-
centered edge-centered states, W;feld/ /22,
predictor state is computed in four steps.

First, the one-dimensional primitive equations are used to estimate time-centered
edge-centered states. For the active partition, characteristic tracing and slope lim-
iting occur as in higher-order Godunov methods. For the inactive partition, extrap-
olation in time with centered Taylor series are used. This first step uses strictly
one-dimensional equations with no transverse coupling.

Second, the edge states so obtained are double-valued, and we resolve these with
the Riemann solver described above in §2.0.1.

Third, the transverse coupling omitted in the first step is incorporated using cell-
centered gradients of the edge-centered states computed by the Riemann solution.
The transverse flux correction is described in [5, 28], but we include the transverse
terms in terms of primitive variable differences rather than conservative fluxes. The
corrected states so-obtained are again double-valued, and another Riemann problem
gives a single final result.

Fourth, time-centered edge-centered velocity data is made discrete divergence-
free, i.e.,

which are discrete divergence-free. The

u:=u-V[A V. u). (33)

With u edge-centered, V - u is cell-centered. This projection is exact, in the sense
that Ay, = (V-),Vy, with the discrete Laplacian reducing to the standard 5-point
stencil in 2D away from boundaries. Then, A~}(V - u) is also cell-centered. The
discrete gradient operator uses centered divided differences to give edge-centered
corrections. The normal and tangential velocity components are updated at each
face even though only the normal velocity contributes to the divergence.

The details of the first step is now given. With the “active”’—“inactive” par-
titioning introduced in (13), upwind characteristic tracing for the active primitive

variables takes the form:
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where Py (D) = diag(D;; if Ay; = 0, 0 otherwise) is a projection that sets to zero
those terms of the diagonal argument matrix corresponding with eigenvalues whose
sign is negative/positive, respectively. The subscript L (R) indicates that the result
is traced to the left (right) side of the edge i+e;/2. Where the stencils support it, the
derivatives OW 4/0z use van-Leer limited [34] fourth-order accurate derivatives [4].
The derivatives OW/0z use second-order centered divided differences. The tilde
denotes that source terms have not yet been accounted for. The inactive variables
are extrapolated in time using
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The velocity source is computed explicitly via:

T LR (39)
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where Ay the discrete 5-point Laplacian in regular domains. The time-centered
pressure is taken from the previous time step. The calculation of Vp"+% occurs as
the last step of the corrector, (45).

The source term for viscoelastic stress is computed implicitly to properly recover
the Newtonian limit (7 — 2u,D as A — 0):

n+i _n+i At 1 n+l
Ti-:_ei/ZL = Ti-:ei/ZL T3 [_XTi—:—eZ/Z,L (% - P“2> ZD?] : (39)
The rate of strain tensor, D, is calculated with centered differences.

The source terms for g are omitted for the following reason. The material refer-
ence frame X can be defined, at the start of each time step, to be equal to x, i.e.,
g = I identically at the start of each time step. With this choice, the source terms
for g are zero if evaluated at t". Resetting g to I necessitates renormalizing M from
time step to time step.



3.2 Corrector

The corrector generates time n+1 cell-centered states that are discrete divergence
free. The basic idea is to generate cell-centered time t"*1 estimates, U™, using
the flux differencing quadrature (32). To these estimates source terms are added,
as described below, to obtain U1,

The corrector step for the velocity field is more complicated. We would like to
use the following update equation (the superscript * indicates that the velocity field
is not yet divergence free):
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However, as in [30], we would like for the velocity update equation to properly
capture the Newtonian and elastic limits. We modify the predictor step by not
including the source terms for 7 in the edge state prediction to instead obtain 7 at
edges. However, extra care must be taken since the transverse correction term is
still computed with edge states that have been constructed with the T sources.

Combining an equation of the form (39) with (40), we arrive at our new update
equation for velocity:

unthr g At(v, — \a?)
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These equations are expressible as D scalar discrete Helmholtz equations. This
discretization is chosen in order to capture the Newtonian and elastic limits, i.e., in
the Newtonian limit (A — 0) we recover:
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and in the elastic limit (A — 00), where a? is given by (28), we recover:
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The Helmholtz equations (41) are solved using the Runge-Kutta technique of
[32], which yields an [y stable solution in regular and irregular domains. That
method specifies the time centering of the Laplacian term.

The last step of the velocity corrector removes the divergence of u* and calculates
the pressure whose gradient will affect the subsequent time step using a pressure-
projection formulation [31]. First, a potential ¢ is calculated on cell centers with
the discrete Laplacian:

Agp = [V- Avg (u”+1’* + ng"_é>} ) (44)
CC—FC p
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Pressure is proportional to ¢, and :

Vpits = Aitw. (45)

With this gradient, the discrete-divergence-free velocity is

At
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u
This projection is approximate, in the sense that Ay, # (V-), V. As noted by [20],
the approximate projection does not remove certain non-physical oscillatory modes.
These are damped by application of a filter

u:=u+¢V(V-u), (47)

using a divergence stencil other than the centered divided difference used in (44).
We use ¢ = h?/5 in 2D which is stable while always damping monopole modes in
the experience of [8, 30].

The corrector step for g and M simply follows the flux differencing quadrature
(32) followed by a source term update. The source term for g is computed as in [23]
using edge— and time—centered values from the predictor. The viscoelastic stress
source term is discretized using Crank-Nicholson:
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rearranged in the form:
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which is evaluated point-wise.

4 Irregular Domains

We use a Cartesian grid embedded boundary method to discretize the fluid equa-
tions in the presence of irregular boundaries. In this approach, the irregular domain
is discretized as a collection of control volumes formed by the intersection of the
problem domain with the square Cartesian grid cells as in a “cookie-cutter”. The
various operators — the discrete divergence V-, discrete gradient V, and discrete
Laplacian A — are approximated using finite volume differences on the irregular

10



control volumes. Cells are classified as regular if they do not intersect embedded
boundaries, irregular if they intersect boundaries, or covered if they have zero fluid
volume fraction. Faces are classified in an analogous way. In problems contain-
ing irregular domains, the finite volume treatment of the regular cells follows the
description of §3.

Throughout, time ¢t" data (U) will be centered at cell centers, even if that point
lies outside the fluid domain. Time t"*2 data (fluxes F) are centered at the centroid
of faces,

. 1 /
Koy = ——— xdA, (50)
itey/2 Oite,/2 hD-1 At /2

where ;4,2 is the area fraction of a cell edge i+-e;4/2 not covered by the embedded
boundary, or:

o Ai+ed/2
Qiteq/2 = KD-1

(51)

with Ajie, the area of cell i on side &d in contact with the fluid. Other geometric
quantities used are the volume fraction, defined as:

Vi

h_D7 (52)

Ki

the area fraction of the domain boundary intersected with cell i, A?B, and its asso-
ciated area fraction, defined as:

APB
of? = P, (53)

and the outward-directed vector normal to the embedded boundary interface in cell
i, given by:

1
i = — dA. 54
i Qite,/2hP ™1 /A;EB " (54)

In irregular cells, the quadrature (32) is not appropriate [6]. A stable but non-
conservative update is:

Ut = U7 — At [(V-F)C 4 (1— mp)(V - F)NO]" 2 (55)
with conservative and non-conservative flux differences given by:
=
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respectively.
Conservation violation is expressed locally by the generalized mass deficit dm,

omy = At(l—ry)s; [(V-F)NC—(V-F)°],, (58)
which is redistributed according to:
3P 5
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The calculation of fluxes on covered faces, and stencils used to re-center fluxes
to centroids, are described in [6, 22, 29]. Additional details are given in [24]. Here
we describe differences between the regular and irregular domain calculations that
are specific to the present algorithm.

We compute the Poisson equation in divergence form, A¢ ~ V" . (V'¢) = f,
with discrete divergence given by the conservative form (57). This means that
kAP is directly accessible, and division by & can be unstable. For the Laplacian
appearing in the velocity source term (38) we use kA"¢ in place of AP, which
formally introduces an O(At) discretization error. However, the results obtained by
this approximation are stable and appear to not affect the global error.

In irregular cells the discretization of the divergence term in (41) is computed
as follows. Define a velocity flux to be:

2 T

Fo = T
u=ugu 22+ At p

(61)

Then, compute the divergence of F, using (55) and redistribute according to (59).

Covered face values needed in the non-conservative divergence are obtained by
extrapolation from face-centered time-centered values, as described in [6]. Unlike
[6], we take this extrapolated edge state to represent the unique face value, so no
further Riemann problem is solved.

5 Boundary Conditions
In the hyperbolic treatment, boundary conditions enter in two ways:
1. on embedded boundaries, e.g., the computation of F¥? in (57); and

2. where the Cartesian cells abut the problem domain.

The conservative flux divergence (57) includes the flux derived from data cen-
tered at the centroid of the embedded boundary. Such states are derived from

12



cell-centered data using Taylor series, without upwind projection. If :?C;EB is the
centroid relative to the cell center,

1 W\ "
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This extrapolation is implemented without partitioning of W or A. The source
terms are implemented as with the predictor §3.1. The discrete gradient VW uses
central differences where possible, or one-sided differences where necessary.

This one-sided boundary value may be incompatible with physical boundary
conditions. The approach to boundary conditions uses the ideas of [10]. Let W p be
an extrapolated edge state, as calculated by (62), and let W g be the final value used
to construct the edge flux. In appropriately rotated coordinates, we are interested
in the eigenstructure of the matrix A 44(Wg). For each characteristic pointing into
the domain, one degree of freedom at the boundary must be specified. For each
characteristic pointing out of the domain, a characteristic condition must be met.
Specifically, if characteristic k points out of the domain, a sufficient characteristic
condition is

I - (Wp — Wg) = 0. (63)

For solid wall boundaries, including the embedded boundaries, this construction
is straightforward. We derive A 44 on the boundary using active variables taken
from Wp, and selecting inactive variables on physical grounds. In the present
application, the embedded boundaries are stationary surfaces subject to no-flow
conditions. Accordingly, the inactive variable w, is uniquely determined, u, = 0
(here subscript n denotes the interface normal direction; subscript ¢ will denote the
tangential direction). There is no a priori reason for 7,, to be affected by boundary
conditions, thus we take 7,, in state Wg equal to its extrapolated value in W p.
With these choices, exactly one characteristic of A 44 enters the domain, leaving
one degree of freedom to be specified. We use the no-slip boundary condition to
zero the tangential velocity component. For the characteristic that points out of the
domain, the the characteristic condition 1, .- (Wp — Wg) = 0 (if the wall normal
is positive) or 1, 4. - (Wp — Wg) = 0 (if the wall normal is negative) uniquely
determines the shear stress 7,,; component of Wg. Thus, for solid wall boundaries,
Wy = Wp, except for variables u which are taken to be zero on physical grounds
and the shear stress which is determined by the characteristic condition.

For inflow and outflow boundaries this procedure is more involved. Let n point
out of the domain, so for inflow we have w, < 0. Inflow conditions are either
supersonic, u, + ¢ < 0, or not, with u, and ¢ given by inactive variables taken
from the specified inflow condition. When supersonic, all characteristics flow into
the domain, and the state Wg is given exclusively by imposed conditions. If not
supersonic, only the characteristic u, + ¢ flows out of the domain, so only one
constraint on Wg comes from W p. In this case we determine the shear stress 7,

13



component of Wg by solving 1, +.- (Wp — Wg) = 0, with all other components of
W being prescribed by the inflow condition.

On outflow, we take the inactive variables from W p, and u,, > 0. If supersonic,
u, — c > 0, no characteristics flow into the fluid domain, and we take Wg =
W p. If subsonic, one degree of freedom of W is specified by external conditions.
In that case, we choose u; = 0 and determine the remaining values of Wg from
lk'(Ws—Wp):O, Vk;«éun—c.

Boundary conditions are also required for the Helmholtz velocity correctors,
(41), and the divergence-cleaning projections (33) and (44) . The implicit velocity
equations (41) use homogeneous Dirichlet conditions on solid wall boundaries, in-
homogeneous Dirichlet conditions on inflow boundaries (using prescribed far-field
values), and homogeneous Neumann conditions on outflow. The discrete Laplacian
operator encountered in divergence-cleaning projections uses homogeneous Dirichlet
on outflow, and homogeneous Neumann on inflow and solid walls.

6 Results

Results are presented for three fluids: a Maxwell (highly elastic) fluid, character-
ized by having no solvent viscosity, a non-zero polymeric viscosity, and a non-zero
relaxation time; a Newtonian fluid, characterized by having a non-zero solvent vis-
cosity, no polymeric viscosity, and relaxation time of zero; and a hybrid fluid [30] —
a Maxwell fluid with an added solvent viscosity. Two geometries are used that are
nonconforming with Cartesian grids; a rotated rectangular geometry, and a circular
domain.

For the rectangular geometry, the computational domain has | = w = 2.0.
The rectangular box has dimensions [ = 1.7, and w = 1.0, and has been ro-
tated 45° to maximize the amount of fluid in the computational domain. The
coarse domain has 128 x 128 cells. We have chosen an initial vortex velocity pro-
file that is sufficiently smooth at the vortex edge, given by the function wuy(r) =
2.56[(r/0.45)(1 — r/0.45)]* H(0.45 — r), where r is the distance to the center of the
box and H is the Heaviside step function. This gives a maximum initial speed of
|lu| = 1.0 at r = 0.225 (see Figure 1, top-left).

For all images corresponding to the angled box geometry, we have rotated the
output so the variables are seen with respect to the normal (length-wise) and trans-
verse (width-wise) directions. The initial pressure is set to zero. We define the char-
acteristic speed, U, as the maximum initial velocity and the characteristic length,
L, as the width of the box.

For the circular geometry, the computational domain has | = w = 1.0 and the
circle has radius r = 0.45 to maximize the amount of fluid in the computational
domain. The coarse domain has 64 x 64 cells. The initial velocity profile is ug(r) =
2.56[(r/0.4)(1—7/0.4)]* H(0.4—7), which gives a maximum initial speed of [u| = 1.0
at r = 0.2 (see Figure 3, top-left). The initial pressure is set to zero. We define
the characteristic speed, U, as the maximum initial velocity and the characteristic
length, L, as the diameter of the circle.
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Figure 1: Time-dependent u,, profiles of a Maxwell fluid with a vortex initial con-
dition in a rectangle. The domain has 256 x 256 cells with 24 time step increments
using At = 1.6 x 1073, -0.5 (red) to 0.5 (blue).

6.1 Maxwell Fluid

For the Maxwell fluid, the rheological parameters are pus = 0,u, = 1.0,A = 1.0,
and p = 1.0. This gives the dimensionless parameters Re = 1.0, We = 1.0, and
Ma = 1.0 for the rectangular box geometry. The coarse time step for each geometry
is 3.2 x 1073, corresponding to CFL ~ 0.5. The time-dependent normal velocity is
shown in Figure 1. The elastic wave propagation and reflection off the walls is clearly
visible. The transverse velocity, stress, and pressure corresponding to the final image
of normal velocity are shown in Figure 2. The solution error convergence after 400
fine time steps is given in Table 1.  We use the same rheological parameters for
the circular geometry, leading to dimensionless parameters Re = 0.9, We = 0.9, and
Ma = 1.0. The time-dependent ug profiles are shown in Figure 3. Again, the elastic
wave propagation and reflection off the walls is easily visible. The u; component
of velocity, stress, and pressure corresponding to the final image of ug are shown in
Figure 4. The solution error convergence after 400 fine time steps is given in Table
2.

For Maxwell fluids, we have observed that additional cell-centered filtering steps
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Figure 2: Profiles for a Maxwell fluid in a rectangle at ¢t = 0.4224 (corresponding to
the last image in Figure 1.) In order, clockwise from top-left: wug, -0.5 (red) to 0.5
(blue); normal stress Ty, -0.21 (red) to 0.31 (blue); normal stress 7, -0.21 (red)
to 0.28 (blue); shear stress 74,, -0.46 (red) to 0.33 (blue); hydrostatic pressure p, 0
(red) to 0.656 (blue).

‘ norm ‘ Variable ‘ Coarse Error ‘ Fine Error ‘ Order ‘

Ly uo 9.90e-04 2.69e-04 | 1.88
w 9.62e-04 2.63¢-04 | 1.87

00 1.24e-03 3.06e-04 | 2.02

T10 1.38¢-03 3.40e-04 | 2.02

1 1.37e-03 3.39e-04 | 2.01

» 1.04e-03 2.68¢-04 | 1.96

L, uo 1.65¢-03 134604 | 1.93
w1 1.66e-03 4.23e-04 | 1.97

00 1.89¢-03 4.78¢-04 | 1.98

10 3.06e-03 6.93e-04 | 2.14

1 3.27e-03 8.36e-04 | 1.97

» 2.52e-03 4.78¢-04 | 2.40

Lo uo 4.08¢-02 6.32e-03 | 2.69
uy 4.15e-02 6.98¢-03 | 2.57

00 5.11e-02 1.09¢-02 | 2.23

10 8.366-02 2.77e-02 | 1.59

1 1.45¢-01 3.73¢-02 | 1.95

P 7.766-02 1.15e-02 | 2.75

Table 1: Solution error convergence rates for a Maxwell fluid with a vortex initial
condition in a rectangle. Data corresponds with Figs. 1 and 2.
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Figure 3: Time-dependent ug profiles of a Maxwell fluid with a vortex initial condi-
tion in a disk. The domain has 128 x 128 cells with 24 time step increments using
At = 1.6 x 1073, -0.50 (red) to 0.50 (blue).

(47) are required to prevent the buildup of divergent modes near cells with small
volume fractions. In the other flow regimes, the non-zero solvent viscosity in the dif-
fusion equation solver smooths the velocity and helps eliminate the divergent modes
and additional filtering steps are not required. The approach taken here to stabilize
the method is to perform 1 filter iteration per time step at the coarse resolution,
2 iterations at the medium resolution, and 4 iterations at the fine resolution. The
additional filter steps are not required for the other flow regimes, but are included
for consistency.

6.2 Newtonian Fluid

For the Newtonian fluid, the rheological parameters are pus = 1.0,1, = 0.0,A =
1.0x 10!, and p = 1.0 leading to dimensionless parameters Re = 1.0 and We = 0.0
for the rectangular box geometry. Since p, = 0, the polymeric stress remains zero
at all times. The coarse time step for each geometry is 7.5 x 1072, corresponding to
CFL =~ 0.5. The time-dependent normal velocity is shown in Figure 5, in which the
vortex spreads out to fill the box and decays over time. The transverse velocity and
pressure corresponding to the final image of normal velocity are shown in Figure 6.
The solution error convergence after 40 fine time steps is given in Table 3. Only a
small number of time steps are used because after 40 the fluid velocity has already
decayed to less than two percent of its initial value. We use the same rheological
parameters for the circular geometry, leading to dimensionless parameters Re = 0.9
and We = 0. The time-dependent normal velocity is shown in Figure 7. As with the
rectangular box case, the vortex spreads out to fill the circle and decays over time.
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Figure 4: Profiles for a Maxwell fluid in a disk at t = 0.2688 (corresponding to the
last image in Figure 3.) In order, clockwise from top-left: wuy, -0.50 (red) to 0.50
(blue); normal stress 79, -0.38 (red) to 0.67 (blue); normal stress 711, -0.38 (red)
to 0.67 (blue); shear stress 719, -0.53 (red) to 0.53 (blue); hydrostatic pressure p, 0
(red) to 0.55 (blue).

‘ norm ‘ Variable ‘ Coarse Error ‘ Fine Error ‘ Order ‘

Ly uo 2.00e-03 5.700-04 | 1.81
u 2.05¢-03 6.14e-04 | 1.74
00 2.01e-03 6.87¢-04 | 1.55
0 1.62¢-03 6.87¢-04 | 1.39
1 2.03¢-03 6.88¢-04 | 1.56
D 1.49¢-03 5.62e-04 | 1.40
L, uo 3.06¢-03 1.01e-03 | 1.59
w1 3.15¢-03 1.08¢-03 | 1.55
o0 3.09¢-03 1.02¢-03 | 1.60
0 2.33¢-03 8.78¢-04 | 1.41
m 3.00e-03 1.00e-03 | 1.58
P 2.19¢-03 8.60e-04 | 1.35
Lo uo 3.11e-02 1.66e-02 | 0.91
w1 3.31e-02 1.64e-02 | 1.01
o0 4.07e-02 2.24¢-02 | 0.86
0 4.15e-02 1.94e-02 | 1.09
o 3.68¢-02 2.31e-02 | 0.67
p 3.04e-02 2.16e-02 | 0.49

Table 2: Solution error convergence rates for a Maxwell fluid with a vortex initial
condition in a disk. Data corresponds with Figs. 3 and 4.
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Figure 5: Time-dependent u, profiles of a Newtonian fluid with a vortex initial
condition in a rectangle. The domain has 256 x 256 cells with 2 time step increments
using At = 3.75 x 1073, -0.25 (red) to 0.25 (blue).

_0&

Figure 6: Profiles for a Newtonian fluid in a rectangle at ¢ = 2.25 x 1072 (corre-
sponding to the last image in Figure 5.) (Left) uy, -0.15 (red) to 0.15 (blue); (Right)
hydrostatic pressure p, 0 (red) to 1.96 (blue).

‘ norm ‘ Variable ‘ Coarse Error ‘ Fine Error ‘ Order ‘

Ly uQ 1.68e-04 3.53e-05 2.25
Uy 1.68e-04 3.54e-05 2.25
D 3.15e-03 1.16e-03 1.44
Lo uQ 2.26e-04 4.63e-05 2.28
U1 2.26e-04 4.64e-05 2.28
D 6.63e-03 2.00e-03 1.72
L U 2.36e-03 5.46e-04 2.11
Uy 2.36e-03 5.46e-04 2.11
D 4.12e-02 1.59e-02 1.37

Table 3: Solution error convergence rates for a Newtonian fluid with a vortex initial
condition in a rectangle. Data corresponds with Figs. 5 and 6.
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Figure 7: Time-dependent ug velocity profiles of a Newtonian fluid with a vortex
initial condition in a disk. The domain has 128 x 128 cells with 2 time step increments
using At = 3.75 x 1073, -0.25 (red) to 0.25 (blue).

Figure 8: Profiles for a Newtonian fluid in a disk at ¢ = 2.25x 10~2 (corresponding to
the last image in Figure 7.) (Left) uj, -0.15 (red) to 0.15 (blue); (Right) hydrostatic
pressure p, 0 (red) to 0.032 (blue).

The transverse velocity and pressure corresponding to the final image of normal
velocity are shown in Figure 8. The solution error convergence after 20 fine time
steps is given in Table 4.

6.3 Hybrid Fluid

For the hybrid fluid, the rheological parameters are pus = 0.1, y, = 0.9, A = 1.0, and
p = 1.0 leading to dimensionless parameters Re = 1.0, We = 1.0, and Ma = 1.05 for
the rectangular box geometry. The initial stress is set to zero. The coarse time step
is 3.2 x 1073 for each geometry, corresponding to CFL =~ 0.5. The time-dependent
normal velocity is shown in Figure 9. As is the case with the Newtonian fluid, the
vortex spreads out and decays over time, with a different shape than the Newtonian
case. The transverse velocity, stress, and pressure corresponding to the final image
of normal velocity are shown in Figure 10. The solution error convergence after
200 fine time steps is given in Table 5.  rheological parameters for the circular
geometry, leading to dimensionless parameters Re = 0.9, We = 0.9, and Ma = 1.05.
The time-dependent ug component of velocity is shown in Figure 11. As with the
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‘ norm ‘ Variable ‘ Coarse Error ‘ Fine Error ‘ Order ‘

Ly U 4.06e-04 9.44e-05 2.10
U1 4.06e-04 9.44e-05 2.10
P 5.12e-03 1.58e-04 5.02
Lo UQ 4.88e-04 1.16e-04 2.07
U1 4.88e-04 1.16e-04 2.07
P 1.04e-02 2.48e-04 5.40
Lo U 1.06e-03 5.51e-04 0.95
U1 1.06e-03 5.51e-04 0.95
P 7.77e-02 1.13e-03 6.11

Table 4: Solution error convergence rates for a Newtonian fluid with a vortex initial
condition in a disk. Data corresponds with Figs. 7 and 8.

&

Figure 9: Time-dependent u,, profiles of a hybrid fluid with a vortex initial condition
in a rectangle. The domain has 256 x 256 cells with 30 time step increments using
At =1.6 x 1073, -0.25 (red) to 0.25 (blue).
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Figure 10: Profiles for a hybrid fluid in a rectangle at t = 0.144 (corresponding to
the last image in Figure 9.) In order, clockwise from top-left: u;, -0.15 (red) to 0.15
(blue); normal stress Ty, -0.25 (red) to 0.37 (blue); normal stress 7, -0.25 (red)
to 0.37 (blue); shear stress 74,, -0.30 (red) to 0.29 (blue); hydrostatic pressure p, 0
(red) to 0.55 (blue).

‘ norm ‘ Variable ‘ Coarse Error ‘ Fine Error ‘ Order ‘

L uo 8.74e-05 2.62¢-05 | 1.74
u 8.99¢-05 2.93¢-05 | 1.62

o0 1.31e-04 3.78¢-05 | 1.80

0 1.74e-04 5.81e-05 | 1.58

m 1.33e-04 3.96e-05 | 1.75

P 2.49¢-04 7.95¢-05 | 1.64

Ly uo 1.98¢-04 75305 | 1.39
Uy 2.02e-04 7.75¢-05 | 1.39

o0 2.47¢-04 1.00e-04 | 1.30

0 3.00e-04 1.28¢-04 | 1.22

™ 2.90e-04 1.40e-04 | 1.05

P 3.82¢-04 1.28¢-04 | 1.58

Lo uo 6.75e-03 3.26e-03 | 1.05
w 6.82¢-03 3.20e-03 | 1.05

o0 2.67¢-03 3.45¢-03 | -0.37

0 8.52¢-03 4.40e-03 | 0.95

ot 4.72¢-03 6.15¢-03 | -0.38

p 6.58¢-03 3.16e-03 | 1.06

Table 5: Solution error convergence rates for a hybrid fluid with a vortex initial
condition in a rectangle. Data corresponds to Figs. 9 and 10.
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Figure 11: Time-dependent ug profiles of a hybrid fluid with a vortex initial condition
in a disk. The domain has 128 x 128 cells with 20 time step increments using
At = 1.6 x 1073, -0.25 (red) to 0.25 (blue).

rectangular box case, the vortex spreads out to fill the circle and decays over time.
The transverse velocity, stress, and pressure corresponding to the final image of wug
are shown in Figure 12. The solution error convergence after 200 fine time steps is
given in Table 6.

7 Conclusions

For each of the test problems, we demonstrate second-order convergence of the
solution error in L' and first-order in L for velocity and stress with an advective
CFL time step constraint of CFL =~ 0.5, as expected. This is an improvement over
[30], in which less than second-order convergence was obtained with a smaller time
step, and the algorithm did not support arbitrary smooth geometries. The algorithm
also exhibits at least first-order convergence in L' for pressure, as expected. In some
cases, such as the Maxwell fluid in the rectangular geometry, the convergence rates
in L* exceed first-order. This is due to the fact that given the position and shape
of the expanded vortex, the largest magnitude errors occur in the interior of the
domain, where the algorithm is second-order.

A feature calling for further study is the apparent need for additional projection
filters (47) to smooth out the divergence in the velocity field of Maxwell fluids in
irregular cells. Approaches include different filtering stencils, or different covered
face state extrapolation algorithms.

The first obvious extension to this work is a three-dimensional discretization of
the equations. The upwind method [6] and discretizations for Poisson’s equation
and the heat equation [29] in a three-dimensional embedded boundary framework
have already been developed, so the extension is straightforward. The methods in
this paper have been developed under the assumption that the geometry is suffi-
ciently smooth. Additional studies are required to determine the robustness of the
algorithm in the presence of discontinuous geometries, such as abrupt contractions.
This will enable comparisons to standard benchmark problems [1, 26, 27, 30], such
as the flow of elastic liquids in hard-cornered planar and axisymmetric contractions.
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Figure 12: Profiles for a hybrid fluid in a disk at ¢ = 0.096 (corresponding to the
last image in Figure 11). In order, clockwise from top-left: wuy, -0.15 (red) to 0.15
(blue); normal stress 79, -0.25 (red) to 0.35 (blue); normal stress 711, -0.25 (red)
to 0.35 (blue); shear stress 719, -0.30 (red) to 0.30 (blue); hydrostatic pressure p, 0
(red) to 0.040 (blue).

‘ norm ‘ Variable ‘ Coarse Error ‘ Fine Error ‘ Order ‘

I uo 1.21e-04 3.05¢-05 | 1.99
u 1.27e-04 3.40e-05 | 1.91
o0 2.66e-04 6.62¢-05 | 2.01
0 3.95¢-04 1.25¢-04 | 1.66
o 2.54e-04 6.39e-05 | 1.99
P 3.94e-04 1.40e-04 | 1.50
L, uo 2.23e-04 6.86e-05 | 1.70
u 2.27¢-04 7.12¢-05 | 1.67
o0 3.53¢-04 9.91e-05 | 1.83
0 4.94e-04 1.62e-04 | 1.60
™ 3.44e-04 9.73e-05 | 1.82
P 4.82e-04 1.72e-04 | 1.49
Lo uo 2.31e-03 1.15e-03 | 1.00
uw 2.30e-03 1.15¢-03 | 1.00
o0 4.47e-03 2.13e-03 | 1.07
0 3.78¢-03 1.64e-03 | 1.21
m 4.75e-03 2.28¢-03 | 1.06
P 2.19¢-03 1.90e-03 | 0.20

Table 6: Solution error convergence rates for a hybrid fluid with a vortex initial
condition in a disk. Data corresponds with Figs. 11 and 12.
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Additional studies are also required to examine the robustness of this algorithm
under higher values of We and Ma, and for a variety of operating conditions for
experimental comparison [12, 13, 14]. In addition, adaptive numerical algorithms
for the incompressible Navier-Stokes equations, in which the grid is locally refined
in regions of interest, are being developed [21]. Adaptive techniques have already
been used with success for hyperbolic conservation laws [6], so these two methods
can be combined to develop a new adaptive projection method for incompressible
viscoelasticity. Finally, another possible extension is the discretization of more ad-
vanced constitutive models, such as the PTT [25], White-Metzner [35] and Giesekus
[11] models. The methods in this paper provide a framework for including the
additional terms present in these models.
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